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The solution of the non-self-similar problem of explosion in a medium with
variable initial density whose distribution is subject to power law is considered
with variable initial pressure taken into consideration, An exact analytical solu-
tion is obtained in particular cases for the initial phase of explosion, The depen-
dence of dimensionless parameters of motion on the geometric coordinate and
the shock wave radius, which is obtained by solving differential equations, is de-
rived in the solution of the complete non-self-similar problem, Derived solu-
tions are used for calculating cases of spherical and cylindrical symmetry of
explosion for various values of the determining parameters,

The one-dimensional self-similar problem of a strong point explosion was
formulated and solved by Sedov [1, 2] on the assumption that the initial pressure
of gas, which is small in comparison with the pressure at the front, can be neg-
lected and that the initial density is constant, Strong explosion in a medium of
varying density dependent on the geometric coordinate according to the power
law was considered in [1, 3], When counterpressure is taken into consideration,
the problem becomes non-self-similar, Its numerical solution appeared in seve-
ral publications [4 — 9], in which initial pressure was assumed constant,

The non-self-similar problem of explosion in a medium of varying initial
density p; and varying initial pressure p, is considered here, These parameters
are defined by pre= Ar®, = Cr* (0.1)

If » = 20 — 2, then, in the presence of a gravitational field, the initial density
and pressure distributions (0,1) satisfy the equilibrium equations of the medium
[1]. A particular case of this problem in linearized formulation for » = ® was
investigated in [12, 13],

Considerable calculation difficulties encountered in non-self-similar problems
have led to the appearance of several approximate methods [3—7, 11], Sedov
had suggested to construct approximate solutions of problems of unsteady motion
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of gas within a shock wave by using interpolation formulas for the basic functions
defining the motion of gas [1].

It is shown here that in investigations of explosion in a gas of varying density
and initial pressure (0, 1) interpolation formulas can only by applied to one func-
tion of gas motion, The remaining values are determined by exact equations of
motion, The coefficients in interpolation formulas can be determined by the
general and boundary conditions of the problem, as is done in approximate theo-
ries of the boundary layer,

1. Statement of problem and fundamental equations, In gasdy-
namics one-dimensional perturbed motion of a medium in an explosion is defined by a
system of equations of the form [2]

?ﬁ_ v 1 op op 0o —1
o T ar 8r—0’ R e L
v—1
ot + (g + = r)=0 (1.1)

where £ is the time, r is the Euler coordinate, U is the velocity, p is the pressure,
p is the density, y is the adiabatic exponent,and v = 1, 2, 3 in the case of plane,
cylindrical, and spherical symmetry, respectively, The problem of explosion requires
that the solution of the system of Egs, (1, 1) satisfies at the shock wave front (1 = 1)
three boundary conditions

vry. f) = vy, pry, t) =py, p(rit)=p, (1.2)
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Functions v, (). p» (£) and p, (¢) are a priori unknown, and their determination is
tantamount to the determination of the shock wave radius 7' (). At the center of sym-
meiry we have in addition to conditions (1, 2) the houndary condition for velocity

v(0,8) =0 (1.4)
At the instant ¢ = O the finite energy E, is released and the following initial condi-
tions are specified: (r, 0)=0 o (r, 0) = Ar-o L.5)
p(r, 0y = Cr >, r,(0y=0 )
The system of determining parameters shows that, if the dimensionless values
=L =L = ;
e ? g§= D3 ’ h D2 (16)
are taken as the unknown fuiictions, these will depend on two dimensionless variables
for which we select %= T ’ _ @1 ay = a(r) (1.7)

and on constant parameters v, y, @ and %.
2, Solution of the problem i{n a linearized formulation, Inthe

initial phase of an explosion, when the explosion wave is still fairly strong, the variable
@ is small and the solution of the stated problem can be derived by the method of
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linearization with reference to the known self-similar solution, In dimensionless varia-
bles (1.6) and (1, 7) system (1.1) is of the form

(f_;y)g_-)/;_l_ (r—1+29) (21— (r—1)q] 1 ok

T( 1P Pl

o d(/ (® -+ %) ) .
+ <()q 'z?,')“z gy Tt f=0 (2.1)
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We introduce dimensionless radius and time and, also, the dimensionless radius of the

shock wave - :
R = ) = FERR 1{2(Q)=

E ANY 1 —% 5
r° :(—Eo—>n, 0 = rom< = > on= S =  — 5 (2.2)

To obtain the complete solution of the explosion problem it is necessary to determine
functions R (9), f (A, g), & (A, q) and & (A, g) inside the square O<C A <C 1 and
0 << ¢<C1 in the plane A,g, These functions must satisfy the following boundary and
initial conditions:

Hh =20 —a g, =hl, =1, 10 0=0
Fh0)=1o0), g0k 0)=go(h),  h(h, 0) = ho(2) (2:3)

where f, (M), &, (A) and Ry (M) are known functions which for ¢ = 0 correspond to
the self-similar problem [2].

For @ < v the mass of gas in the spherical volume which contains the coordinate
origin, and the rate of shock wave propagation is at the initial stage finite 1], If @ < v
and v —% >0, then at the initial explosion stage ¢ is small, hence we can seek the
linearized solution of the form [3]

Fy @)= fod) - gfL (A) -

g q)=2go(h) +q81(A) +---

Ie(hy g) = ho(A) + qhy (A) + - - - 2.
dq q

dis — nlt (1— Ay --)

[\
A~
N

Substituting in the system of Egs,(2.1) the expressions for f (A, ¢), g (A, ¢) and

h (A, gq) from (2.4) and neglecting terms of the order ¢2 and higher, we obtain for the
determination of functions f; (A), g; (A) and %, (A), and constant A, a system of linear
differential equations of the form

(fo— 1) &ofr” + um(,»r o+ [fo i (9% “:*'-Tln‘)}gofl +

| ) z _ &Y — 1 o 1 I o
“I'[(fo— Mo -+ (mg ""f_;j)fngl + ﬁ»‘,(rﬁ—q)/ =57 Jogodr =0 (2.5)
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v— (Cont,)
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v — 14 , ] 2
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Let us transform system (2. 5) to a form more conyenient for subsequent analysis, For
this we introduce the unknown functions F (A), G (A) and H (A) which we relate to
f1 (A), g (M) and R, (A)by formulas

hW) =G —NFQ), &@)=gGM, h}) =hH@H) (2.6

After transformation of (2, 6), we obtain the system of equations in the new unknown
formulas

— 0 7+ ’ — 1-
Go— WP + 20 2 gy —m[2n — 1+ 275 + 5 | F 4+
2(y-—1) h' , ©0—% Ry
+ (1-F1)?*a0 HJT—[(fO—;)\‘)ij_ 2 _Zn-JG+
M —(y— 1) A .
TW‘FE;H“L—O
(fo— W F +(fo— 0 G + (o= O F + (S5 +20) (g — W) F + (2.7)

— n, 2
(T et = 0)6 (o= 55 6 — gy =

, ~ hao' | v—1
Yo ) F 4 (fo— W H' -+ (fo— D TF 1 (o — W] 2+ v 22| F o+
ho ’ v—1 1 T — 1
oW 1 [+ 5 fo— |+ o (4= T ) =0
with boundary conditions
F(y= =25, GU=0, H()=0 2.8)
In the general case (arbitrary @) the solution of the linearized problem of explosion
reduces to numerical integration of the system of Eqs, (2. 7) with boundary conditions

(2. 8). The coefficients of this system are determined by the self-similar solution of

the problem, If, however, o o — 3v—211(2—w) (2.9)
- T+1 :
a closed solution can be obtained, since for this value of @ the self-similar solution has
the simple form 9 Ve )
o) = =AM =2 h(h) =1 (2.10)

Substituting the expressions for f, (&), g, (M) and h, (A) from (2.10) for the coeffici-
ents in Egs, (2, 7), we obtain a system of three ordinary inhomogeneous equations with
coefficients dependent on parameters y and v

, 2 , 2v 1 1
M = M T H [8+<T+2b3—2>(7+1)]1«"+

=y 20— — (=2 +1)]6 +
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v by — (v —1)? T+1 |
T [ G A =0 @11
MM 20— 1) F — TRy 1 — )] b, —v] o4 2D
AF’ ’ _ T+t T41 T —1 _
VA () F = Db+ (T2 ) =0
where by = (0 — %)/ 2, by = — @ and by = — %. If In A is taken as the inde-

pendent variabl®, (2, 11) becomes a system of equations with constant coefficients, In
the general case the characteristic equation of system (2,11) for y = 3 and v =2, 3
is cubic, while for v = 1 and any ¥y it separates into a linear and a quadratic equation,

Having derived the solution of system (2, 11), we revert to the original unknown functions
with the use of formulas (2, 6) and obtain

fi(d) = 1+T T M o1 4 CAVF 4 CA 4 €A%y

au(h) =" [% +3 (r+1) ik ZXTZV—T)T; (: 2 ) (r—3) CA" +
TIEFD fzkaxzf—-;,zi( ; (:B D=3 Coh™ 4
T3 (r+1) ﬁc;:r(rzv—:)z—i(; (:1—) H{r—23) Ca’"ks]
) =" o+ S e e =y O (242
T e e e O +
n Lesy + v (1 4+ 1)1 (x — 1)

't
O+ —k(t—)+2(v—D7(1—3) 3
where (), C,and (C; are arbitrary constants, &, k, and /4 are the roots of the cha-
racteristic equation of the system (2,11), and
=Bi+A1Uh i=1,2,3

Be=v41b, D=22v+71—1)+G+1/n—v)(1+1)
B1= 2YyBBs—(Y— 1) /n

D, BDst1/n D, 20—=1[BDs+1/n]
2vr(v—1) ! 7 Twir—1b L v(tr—1)D
1 1
By = oo {27 (V= D BBy + (2 (1 + 1) — (v — 1) (1 — )1}
2 2 1
By— a5 T— 1P — &1 D(r— ) =z [1—1— 1+ (55 — )]

X

X [%(’r+1)VT—(V——1),ST—1):|—(Y27A [4+(Y+1)<_+b 1)]—3‘
Hara+n(g+a—1)]5 - 52—

AT ) — b)) |

A=22(r—1PD—(r— D[4+ (r+ (5 —1 +5)]BD +
+4(v—-1)[1—”{——(7+1)<71,{—b3>]B

Constants C,, C,, C4 and A, are determined by the boundary conditions for functions
J1 (A), g, (A)and h, (A). Having determined A;, we find R, (g) and 7 (g). For a self-
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=v+2——

similar solution the following relationships are valid:
6‘.‘)7. ‘ 2
—— (2.13)

Ry(g) = Au7", T(g)=04,"¢""", A4,= o™

Taking into consideration (2,13), from (2, 4) for the linearized problem we obtain
mn
s Alé} (2.14)

R ((/) = AO,," exp (nAlq), ‘r(q) — ﬁAomqax/S[i + .
Curves of functions f; (A), & (A) and k, (A) determined by formulas (2,12) and bound-

ary conditions are shown in Figs, 1~ 3 for several v, » and ?-

4
/

/71157/

25 ,
v .
\

-05 ,
~.

Fig, 2
Curves of &y, f; and g in Figs,1 and 2 define the difference between the calculated

pressure, velocity and density and their respective self-similar values for various laws of
distribution of initial density and pressure for spherical (Fig, 1, v = 3) and cylindrical
(Fig, 2, v = 2) symmetry for ¥ = 3, 7 and 3/s; related values 8f o are determined by
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formula (2, 9). In Fig, 1 the solid lines relate to y==3 and %=0,dash lines to 7= 7

and ® = /3, and the dot-dash lines to 7 == 1.5 and % = 2.4. In Fig, 2 solid lines relate to
=3 and % = 0, dash lines to 7 = 7 and % == —1, and the dot-dash lines to 7 = 5/3 and
% = 1. Curves of ky, f, and g, calculated for constant initial density but varying initial

an

405 /

7
45
- x=-"7 v
—-—
<3 -~
\\”\r\ :::\\
-G ~~
Fig, 3
pressure appear in Fig, 3 for v = 3 and ¥ = 7, with the /; curve shown by dash lines,

3, Solution of the nonlinearized problem, At the initial explosion
stage, when the explosion wave is still fairly strong (for small g) , the motion of gas is
defined by a linearized solution which can be used for specifying initial conditions
necessary for calculating the complete non-self-similar problem by the approximate
analytical or numerical method [7, 10, 12].

Solution of the complete non-self-similar problem of explosion involves finding a
solution of system (1, 1) which would satisfy the boundary and initial conditions (1.2)—
(1.5). The determination of functions s (Z), p, (#) and p, (t) defined by Eqs, (1,2)
is tantamount to determining the shock wave radius r, (¢). To do this, it is necessary to
introduce a formula which would relate the explosion energy £, to parameters at the
shock wave front, This relation can be expressed in terms of the energy conservation
law, according to which the total energy of moving gas is, at every instant of time, equal
to the sum of the initial energy of gas set in motion by the explosion and the energy F
of the explosion, We pass to dimensionless variables (1, 8) in the law of total energy

conservation and assume in what follows that the constant % = ¢ in the formula(0.1)
of initial pressure distribution, We obtain
L 1
pira’ . v [ pava? v \2/ p\ s P2 (P av-1
Bo-+ 0 s—=ara =) = burs [ 2 S( vz) <P-: ) Mk + Sp—:}“ d}”}
0 0
O, =2n(v—1)+ (v—2)(v—13) (3.1)

The law of total energy conservation is convenient for determining the shock wave radius
rs (t), when the solution of the system of Eqs, (1.1) has been found, System (1,1) with
conditions (1, 2)—(1. 5) has a solution with all unknown functions of gasdynamic parame-
ter distribution in explicit form, provided the dependence of the Euler coordinate r on

¢ and on the Lagrangian coordinate E is known,
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Let us seek r in the form 21 (t)
r=c()t*9 L b (3.2)
As the Lagrangian coordinate we take the initial coordinate of particle §. Since at the
instant of the shock wave passing through the particle the Lagrangian coordinate § = T4,
the coefficients in (3, 2) are

b=0, c(t) = rn® (3.3)
Using (3, 2) and (3. 3) from the law of mass conservation expressed in the differential
form, we obtain ()
r /
O =20, ( 7‘-2 > (3.4)
(P ) ke _
a(t) = v< o > 0= a; () o (3.9)

In the following we assume that the density distribution within the shock wave is deter-
mined by formulas (3,4) and (3, 5). From the second equation of system (1.1) we can
now determine the velocity and from the first, the pressure of gas, The third equation
of system (1, 1), the equation of energy, may be used for determining the shock wave
radius 7, () . However the law of total energy conservation (3,1) is more convenient
for determining this radius throughout the region of perturbed motion within the shock
wave, We substitute the expression (3,4) for p (r, ¢) into the second equation of system
(1.1) and, taking into account the boundary condition (1, 4) at the center, solve it for the
velocity, We obtain r

ty v(r, t) = uz(t);_m%‘.m% (3.6)
We substitute the expressions (3,4) and (3. 6) for p (r,t) and v (r, ), respectively, into
the first of Eqs,(1.1) and solve it for the pressure, taking into account the boundary con-
dition at the shock wave, We obtain

3T1H1 Para r a () r r 2
PO =P iy — et () [+ Holn 4 Hy (10 L)
where 3.7
. l’ga dl‘g 3 dr» d 23 R d P2 I{-_g
="+ &t dt dt““T)"de_z(lnH)‘ 3@ 12
d P2 raor d* [ s 2H3
= 2 — — [ O (O il
M, = 28, — 20, dt(ln p1> b <m> 1) 12

Formulas (3.4),(3,6) and (3, 7) which define the distribution of dimensionless parameters
of motion in the perturbed region can, after some transformation, be written as

P { 10913 (1 o 7\.1”) _ PI’)V’ 1+2 (Hz - H3 In }\‘) inh (3.8)

P2 T EF2)pe . .
= —H W, L=, a—v(%——'>~f0—p;, A=
wihere 2

_ a2 2 =)y , (14-3¢) d¢ 7 ¢

Hl*‘?(wﬂ)qﬁ[(wmﬁ T i | Q—VwH2

162 [ (1 —¢¥ dg 2R dg \2 d2q

Hy=— {(7—]—1)1})(] R, _(Q—v1|b)1p< d/f_,> +4qu dRT }

2(v 4+ 1) Rq dq
T—) ¢ s

[[;}: 1602 R/ dq >2

ro _‘P—‘)\d—/?z— H4: -
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G=-=, P=y— b2 Q=20 —w) (v F2—)(r 1) kg
Solution (3, 8) satisfies all boundary conditions and is expressed in terms of parameters
at the shock wave front and the front coordinate 7, (), The time / does not explicitly
appear in this solution, It is evident from formulas (3, 8) and (1, 2) that all characteris~
tics of motion of gas in the perturbed region can be expressed in terms of function ry ()
Subjecting solution (3, 8) to the law of total energy conservation (3, 1), we obtain the
equation which can be used for determining the law of shock wave motion

2, M e o 2 VN D] dg N (L3 Qe dy
‘RZ q dits? 1 ! Q (I/f2> ) (v - n 7 dits +
2(L—=g®) Ry gy A (1—g)Q " , 2
+ Y-l l\(l‘_1)_iill r]/{._)+‘_{(~./+1)2l‘1’—(-)__‘(f—I)(l—(/-”+
V= 1) O W2y O .
— == () 3.¢
LA NS e (v —w) 47 (r - 1) ()

For the numerical integration of Eq. (3, 9) we reduce it to a system of two first order
equations, Taking the parameter ¢ = « /¢ as the independent variable and R, () and

12
A/ 7
A
pY; i - e — X
———— oy
r_-@——_—_—_ﬁ
e
7
10
Ve
Fe
25
/
Fig, 6 Fig. 7
0 (q) = dq/ dR,, as the unknown functions, after some transformations we obtain
do _ARAvi—Dly (43 o 20— 2ty =) (3.10)
7= Q SR 1) Rag? T+ 1) 7t
(t—g)Q

TIG Rk W=y =) —g)]—
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v(r—1) Q% 03
T+ 10 R 5 T A=) (1 1 1)ok?
ARy _ 1
dg — o

The initial condition for the solution of system (3,10) is to be defined at point ¢ = 0,
Ra= 0. This is a singular point in the neighborhood of which the asymptotic behavior
is defined :yz CReh g1 Saxl2(r—1)(r—3—3(v—ow)(r+1)]

0z v o T v 2(v— @)+ (v+2—0)(1—1)]
The system of Egs,(3,10) was integrated by the Runge-Kutta method for the asymptotics
(3.11) for spherical symmetry (v = 3) and several values of the adiabatic exponent
and exponent o in the laws of density and pressure distribution,

The distribution of dimensionless pressure fields for v = %/s and v = 1.4 are shown,
respectively, in Figs,4 and 5 for values of parameters ¢ and @ §olid lines relate to @ =
0.5 and dash lines to @ = 0.33). The distribution of dimensionless density is shown in
Fig,6 for v = 5/z and several values of ¢ and ® (@ = 0.5; 0.33). Dimensionless velo-
cities for @ = 0.5 and several values of ¢ and t are shown in Fig, 7, where solid lines
relate to v = 1,4, and the dash lines to T = 8/s). Figures 4 and 5 show that for a given
Y the variation of dimensionless pressure with decreasing  is nonmonotonic, while it
can be seen from Fig, 6 that the dimensionless density decreases with decreasing o .
Figure 7 shows that for a specified @ = 0.5 dimensionless velocities increase with in-
creasing 7.

(3.11)
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WAVES GENERATED BY PERTURBATIONS OF THE BOTTOM OF A TANK WITH A DOCK

PMM Vol, 36, N4, 1972, pp.636-640
V.F.VITIUK
(Odessa)
(Received July 14, 1971)

A wave motion generated on the surface of a heavy incompressible fluid by
oscillations of a section of the bottom of a tank with a dock is studied, The
problem of waves generated by an oscillating section of the bottom of a tank
was dealt with in [1, 2], In the present paper the Wiener~-Hopf method [3] is
employed to solve the analogous problem in which the boundary conditions
have been altered, namely, a part of the free surface is covered with an immo-
vable rigid plate, An expression for the velocity potential describing the mo-
tion of the fluid in the problem under consideration is derived, The results of
[2, 4, 5] are found to be particular cases of the solution obtained here, The
numerical example given shows that the rise of the free surface is smaller on
the dock side than that at the corresponding point at the side opposite to the
oscillating section of the bottom,

1, Animmovable rigid plate is situated at the surface of a fluid of finite depth 4,
occupying the region y == h, x <l — land — o0 <C z< oo. The coordinate origin
is placed at the bottom of the tank and the y-axis is directed vertically upwards, The
section y = 0, 0 <C 2z <C a, — oo << z <{ oo of the bottom undergoes vertical dis-
placement according to the law

y = Re v (1) exp i (kz — wt)]

where ¢ (2) is a numerically small, smooth function, The velocity potential ¥ (z, y.
Z, t) which in this case describes the motion of the fluid, must satisfy the following
boundary value problem

AF(x,y,2,t) =0 O<<y<h —oo<z< o0, — %0 <2< )
0*F [ 012 + gdF |3y = when y —=h, r>—1l, —olzlo

OF |0y =0 when y=h, z<—1, —r<z1< (1.1)
oF 1oy = | ¢ Re [iv () exp i (kz — 0] Oz <d)l = — z
Iy {0 (— 0 <20, a<z<x) [y 0’ O0/\ <"O



